Abstract. This paper is the sequel to [11] to study the deformed structures and representations of two-parameter quantum groups U r,s (g) associated to the finite dimensional simple Lie algebras g. An equivalence of the braided tensor categories O r,s and O q is explicitly established.
Introduction
In [11] , the authors introduced an unified definition for a class of two-parameter quantum groups U r,s (g) associated to finite-dimensional simple Lie algebras g in terms of the Euler form and showed that the positive parts of quantum groups are 2-cocycle deformations of each other as graded associative algebras if two parameters r, s satisfy certain conditions. This work is a continuation of the paper [11] to characterize the structure of two-parameter quantum groups U r,s (g) and the category of U r,s (g)-modules.
In this paper, with the help of (r, s)-skew derivations introduced in [11] , we prove the positive part U + r,s has a natural U r,s (g)-module algebra structure. Partially motivated by Doi-Takeuchi's [7] and Majid's [13] results on Hopf 2-cocycle deformation theory, we show that the two-parameter quantum groups U r,s (g) can be obtained from the one-parameter quantum group U q,q −1 (g) by twisting the multiplication via an explicit Hopf 2-cocycle σ, that is, U r,s (g) ≃ U σ q,q −1 (g), (as Hopf algebras).
(
It is noticed that this kind of deformation of the algebra structure depends on its coalgebra structure. Inspired by Hodges-Levasseur-Toro's [9] work on the multi-parameter quantum groups, we prove that U r,s (g) can be deformed from U q,q −1 (g) as bigraded structures by twisting the multiplication via a bicharacter ζ of the free abelian group Q × Q (where Q is the root lattice of g): U r,s (g) ≃ U q,q −1 ,ζ (g), (as Q-bigrading Hopf algebras),
which recovers Theorem 3.3 in [11] when it is restricted to the positive part of U r,s (g).
As an application, we give a new and simple proof for the existence of nondegenerate skew Hopf pairing on U r,s (g), which were studied previously in [5, 3] where verifying the (r, s)-Serre relations to be preserved resulted in rather involved formulas. Representation theory of two-parameter quantum groups U r,s (g) under the assumption rs −1 being nonroot of unity has been investigated in [6, 4] This paper is organized as follows. In Section 2, we recall the definition of the two-parameter quantum groups given in [11] and some basic properties. In Section 3, we show that U + r,s is a U r,s (g)-module algebra. Section 4 is devoted to the study of a certain Hopf 2-cocycle deformation of U q (g). In Section 5 we discuss bigraded deformation of Hopf algebras. In Section 6, we give a new and simple proof for the existence of nondegenerate skew Hopf pairing on U r,s (g) and obtain an equivalence of the braided tensor categories.
2. Two-parameter quantum groups 2.1. Let us start with some notations. For n > 0, let
Throughout the paper, we denote by Z, Z + , N, C and Q the sets of integers, of positive integers, of non-negative integers, of complex numbers and of rational numbers, respectively.
2.2. Let g be a finite-dimensional simple Lie algebra over a field K ⊇ Q and A = (a ij ) i,j∈I be an associated Cartan matrix. Let d i be relatively prime positive integers such that d i a ij = d j a ji for i, j ∈ I. Let Π = {α i | i ∈ I} be the set of simple roots, Q = i∈I Zα i root lattice, Q + = i∈I Nα i positive root lattice, Λ weight lattice, and Λ + the set of dominant weights. Let Φ be the set of roots and Φ + positive roots. Let Q(r, s) be the rational functions field in two variables r, s over Q.
1 m ∈ K for some m ∈ Z + such that mΛ ⊆ Q for the possibly smallest positive integer m. We always assume that rs
is not a root of unity. Let −, − be the Euler bilinear form on Q × Q defined by
For λ ∈ Λ, we linearly extend the bilinear form −, − to be defined on Λ × Λ such that
Definition 4 (Hu-Pei [11] ). The two-parameter quantum group U r,s (g) is a unital associative algebra over K generated by e i , f i , ω
i , i ∈ I, subject to the relations:
The algebra U r,s (g) has a Hopf algebra structure with the comultiplication, the counit and the antipode given by:
Let U + r,s (respectively, U − r,s ) be the subalgebra of U r,s := U r,s (g) generated by the elements e i (respectively, f i ) for i ∈ I, and U 0 r,s the subalgebra of U r,s generated by ω
r,s ) be the subalgebra of U r,s generated by the elements e i , ω
for i ∈ I). For each µ ∈ Q (the root lattice of g), we define elements ω µ and ω ′ µ by
2.3. Assume that r = s −1 = q, it is clear that U r,s (g) becomes the one-parameter quantum group U q,q −1 (g) of Drinfel'd-Jimbo type with double group-like elements, which is a unital associative algebra over K generated by
, subject to the following relations:
Moreover, it is known that U q,q −1 (g) has a Hopf algebra structure with the comultiplication, the counit and the antipode given by:
By abuse of notation, we denote U q (g) := U q,q −1 (g). Let U + q (respectively, U − q ) be the subalgebra of U q := U q (g) generated by the elements E i (respectively, F i ) for i ∈ I, and U 0 q the subalgebra of U q generated by
q ) be the subalgebra of U q generated by the elements 
q , µ, ν ∈ Q. Therefore, U q has the Drinfel'd double structure, that is, as Hopf algebras, we have the following isomorphism:
3. U r,s (g)-module algebra structure over U
Let (H, m, 1, ∆, ε, S) be a Hopf algebra over a field k. Recall that an (associative) algebra A over k an H-module algebra if A has an (left) H-module structure such that
. Here the second condition means that the multiplication is a homomorphism of H-modules.
Skew derivations.
By the definition of coproduct, we have
For i ∈ I and β ∈ Q + , define linear mapŝ
Here in each case "the rest" refers to terms involving products of more than one e j in the second (resp. first) factor. Let
Then we have the following lemma
for any x,
Proposition 13 (Hu-Pei [11] ). For any i = j,
where
Define two linear operators over U + r,s as follows:
Proof. By the definition of ∂ i , i ∂ and Proposition 13.
3.2. Module algebra structure. For any µ ∈ Q, i ∈ I, x ∈ (U + r,s ) β , we define the action ⊲ by :
Proof. First, we show that U + r,s is a U r,s (g)-module. In fact, for
It is clear that e i satisfies (r, s)-Serre relation (R6). By (18) ,
This completes the proof. 
Following Doi-Takeuchi [7] and Majid [13] , one can construct a new Hopf algebra structure (H σ , m σ , 1, ∆, ε, S σ ) on the coalgebra (H, ∆, ε). The new multiplication m σ is given by
The new antipode S σ is given by
Proposition 26. Assume that rs
Then σ is a Hopf 2-cocycle on U q in the sense of Definition 21.
Proof. It is clear that σ satisfies the condition (23). For any homogeneous elements x, y, z ∈ U q , if x, y, z ∈ U 
. It suffices to show that φ is an algebra homomorphism. Note that
Then it is easy to check
By definition, we have
Next, we will prove
where c
Since
Remark 29. Let rs
Similarly, one can check directly that σ ′ is also a Hopf 2-cocycle of U q (g). In fact, σ and σ ′ are cohomologous Hopf 2-cocycles in the sense of Majid [13] .
Bigraded Hopf algebras Lemma 30 ([2]
). Let A = g∈G A g be a G-graded associative algebra over a field k, where G is an abelian group. Let ψ : G × G → k * be a 2-cocycle of group G. We introduce a new multiplication · on A as follows: For any x ∈ A g , y ∈ A h , where g, h ∈ G, we define x · y = ψ(g, h) x y.
Denote this new algebra by
A ψ . Then A ψ is a G-graded associative algebra. Definition 31 ([9]). Let G = {g i | i ∈ I} be a
free abelian group. A Hopf algebra (A, i, m, ε, ∆, S) over a field k is a G-bigraded Hopf algebra if it is equipped with a
Let σ : G × G → k * be a skew bicharacter over G. Then one can defineσ :
It is clear thatσ is a 2-cocycle of group G × G. Let (H, 1, m, ε, ∆, S) be a G-bigraded Hopf algebra. Define a new product • as
5.1. For any i ∈ I and µ ∈ Q, define
It is clear that U q (g) is a Q-bigraded Hopf algebra. Assume that r i s
Then
Then ζ is a skew bicharacter on Q. As Q-bigraded Hopf algebras, we have
Proof. It suffices to check the following relations:
This completes the proof.
As a corollary, we recover a result in [11] . [3] . In fact, they are related by a Q-bigraded deformation.
For example, for type D 4 , we have In general, for type D n , it suffices to take p ij = (rs) δ i,n δ j,n−1 −δ i,n−1 δ j,n .
5.2.
As applications, we will give a new and simple proof for the existence of nondegenerate skew Hopf pairing on U r,s (g).
Proposition 38. Let , q be the skew Hopf pairing on U q (g). Define a bilinear form as follows:
is a unique nondegenerate skew Hopf pairing on U r,s (g).
Proof. It is clear that , q,ζ is unique and nondegenerate since , q is nondegenerate.
On the other hand,
Hence, y, x 1 • x 2 q,ζ = y 1 , x 2 q,ζ y 2 , x 1 q,ζ . Similarly,
Hence,
Corollary 39. Let , r,s be the skew Hopf pairing on U r,s (g) constructed in [11] (see also [5, 3] ), we have , q,ζ = , r,s .
Deformed representation theory
In the above sections, we considered U r,s (g) as a deformation structure of U q,q −1 (g). Correspondingly, we continue to consider U r,s (g)-modules as the deformation structure of U q,q −1 (g)-modules. To this end, we need to extend the definitions of (skew)bicharacter ζ or p ij to be defined on Λ × Λ such that ζ(λ, 
there exist a finite number of weights λ 1 , . . . , λ t ∈ Λ such that
where D(λ i ) := {µ ∈ Λ | µ < λ i }. The morphisms are taken to be usual U r,s (g)-module homomorphisms.
Let r = q and s = q −1 , we get the category O q = O q,q −1 .
Proposition 41. Let V q ∈ Ob(O q ), Then V q has a natural U q,ζ (g)-module structure.
x · ζ v = ζ(α − β, λ)ζ(α, β)x.v, ∀ x ∈ (U q ) α,β , ∀ v ∈ V q λ .
Denote this module by V q,ζ .
Proof. By the definition above,
For any v ∈ V q λ and i ∈ I,
Similarly, we can check the other relations.
Let O q,ζ be the category consisting of U q,ζ (g)-modules V q,ζ . 
where On the other hand,
That is, ξ V q ,V ′q is a homomorphism of U q,ζ -modules. It is straightforward to prove that ξ V q ,V ′q is an isomorphism. Next, we shall show that the functor F ζ preserves the braiding of O q . For any V q , V ′q ∈ Ob(O q ), we define 
